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Abstract

This paper focuses on the statistical methodology for the simultaneous
analysis of stability data obtained on both parent compound and degrada-
tion products. A mathematical model based on kinetic theory is developed
to describe both the disappearance of parent compound and appearance of
degradation products. Analysis of data obtained from accelerated testing
of drug stability is accomplished by extending the kinetic model to include
the Arrhenius relationship. A simulated data set generated from parameter
estimates obtained from an actual analysis is used as an example to illustrate
the statistical techniques.

Introduction

Several recent papers! ~!® in the literature discuss the statistical treat-

ment of data from drug stability studies. None of these papers discusses
the simultaneous analysis of data collected on the parent compound and its
degradation products. When the mechanism of drug decomposition is well
understood and a model can be generated from kinetic theory, a unified ap-
proach to the analysis of stability data collected on the disappearance of the
parent compound and the appearance of the degradation products can be
taken. A method of multiresponse estimation can be used to obtain esti-
mates of kinetic rate constants which relate the degradation of the parent
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Figure 1: Illustration of Parallel
First-Order Reactions

compound with the formation of the degradation products. The model can
be further enhanced to treat data obtained from accelerated testing of drug
stability using the Arrhenius relationship.

This paper will focus on a hypothetical drug decomposition mecha-
nism to illustrate the method of multiresponse estimation. This mechanism
has been postulated as effectively deseribing the stability of an actual phar-
maceutical compound. The mathematical model and statistical methodol-
ogyv are developed for this postulated mechanism, and a simulated data set
with known parameters is used to illustrate the statistical calculations. This
methodology is also compared to an approach cited in the FDA draft guide-
lines. The paper concludes by noting that multiresponse estimation can be
applied to a larger class of drug decomposition mechanisms.

Mathematical Model

Kinetic Theory

Consider an active drug, A, which degrades according to a parallel
first-order mechanism to degradation products U and V'. Figure 1 illustrates
the mechanism, where k; and k, denote the first-order rate constants for the

appearance of U and V', respectively. This mechanism is represented math-
ematically by the system of differential equations:

8A

e — (k1 + k2)A
ou

— = kA

or !

av

— = koA
a7

where A, U and V denote concentrations at time, {. Letting Aqg, Up and Vy
denote the respective initial concentrations, the solution to this system of
differential equations yields the kinetic model:

A= Aoe—(k1+k2)t (la)
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kiAo ~ (ki k)t
U=U — 1 - iRz 1b
o+kl+k2( e ) (1b)
ks Ao — (k) + k2 )t
Vo= Vo 200 (1 g=(kitke 1
o+ PR ( € ) (1c)

Arrhenius Relationship

A common model used to describe elementary chemical reaction rate
constants as functions of temperature is the Arrhenius equation:

ky = FC_E"/RT (2)

where k1 is the rate constant at temperature T (“K ). F is the pre-exponential
or frequency factor, E, is the activation energy and R is the ideal gas con-
stant. A re-parameterization of Equation (2) is given by the expression:

41
T T

kT:koe—E( ()) (3)

where kg is the rate constant at reference temperature Ty and E = E,/R.
We assume Arrhenius behavior for each of the degradation pathway rate
constants, k; and k3, but not necessarily for the sum (k; + k2), since each
pathway in a parallel degradation mechanism may have associated with it
a different activation energy. Extending the kinetic model to include the
Arrhenius relationship yields the mathematical model given by Equations
(1a-1c) where the rate constants, k; and kj, are given by the expressions:

3

___1_)
T

kl = kl,of—El(

(42)
) (4b)

b

5
b |

kz = kzyoe-EE(
k1,0 and kg o denote the rate constants for k; and k», respectively, at reference

temperature T, and E; and E; denote the activation energy-to-gas constant
ratios for reactions 1 and 2, leading to products U and V, respectively.

Statistical Methodology

Stochastic Model

For purposes of statistical exposition, an additive error structure is
introduced so that the deterministic model given by Equations (la-1c) and
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(4a-4b) yields the stochastic model:

A= Aoe_(k’+k:)t + €4 (Sa)
kA, g ) \
l] = (T(l -+ E]ji (] - C*(klh#k:)f) RN &4 (Sb)
. koA T
V=1,- ki -k, <] e "‘”) sy {5¢)
ky = kyoe Brlm R (5d)
ko = kg,oeﬁE:(%“%ﬂ) (5€)

where €4, e and ey represent the stochastic terms for A, UV and V, re-
spectively. These error terms are assumed to be mutually stochastically
independent, each having mean zero and variances 0%, o7, and ol.

Multiresponse Estimation

Ordinary Least Squares Consider a set of stability data wherein
assav measurements for A, U and V are collected over time at various tem-
peratures. Statistical modeling of this stability data using the postulated
model given by Equations (5a-5e) is a multiresponse estimation problem in-
volving the joint estimation of seven parameters, namely, Ag, Uq, Vo, k10,
ks 0, Ey and E; from the three response variables, A, U and V. A commonly
employed technique to perform the parameter estimation is the method of
ordinary least squares.

The method of ordinary least squares as 1t applies to the example in
this paper is as follows. Define Q = Q4 + Qu + @+ where @ 4, Qu and Qv
denote the error sums of squares for A4, U and V', respectively, and are given
by the expressions:

2
Qa= Zsi = Z <A - Aoe'(k‘+k")')
t,T t, T
kyAo z
_ 2 _ _ 1770 ~(ky+ko)t
=Yt =3 (v-ve- (1 ))
t,T 4T ky+ ke

ko Aq . 2
Qv=) =3 (V A Che ki + e (k‘+k“)'))
t,T t, T

2

and where Y denotes summation over the entire data set (across time and
temperature). The method of ordmary least squares can be formulated as the
determination of values Ao, Uo, VU, kl 05 k2 0s El and 152 which minimize
Q. Since @ is nonlinear in the parameters, numerical techniques must be
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employed to determine the solution. The numerical techniques will not be
discussed here. It suffices to say that several statistical computer packages
are available to perform nonlinear least squares estimation.

The method of ordinary least squares in this setting has its limita-
tions. Quite often with analvtical methods, the variation associated with
assayv determinations increases with increasing magnitude of the response.
Since marketable pharmaceutical products tend to have good stability, the
magnitude of the parent compound is much greater than the magnitude of
the degradation products. Thus, the variance of the parent compound tends
to be greater than the variances for the degradation products. For our ex-
ample, this suggests that 0?4 is much greater than ¢? and 0. Consequently,
Q 4 comprises a greater proportion of @ than do @ and @Qv. Hence, A has
more influence on the determination of the parameter estimates than does
either U or V. Therefore, the method of ordinary least squares is undesirable
in this setting.

Weighted Least Squares To alleviate this problem, weighted least
squares is used such that all three components contribute equally to the
parameter estimation. To formulate the weighted least squares technique,
define Q" = Q@ + Q[ + @y where @, Q; and @y denote the weighted
error sums of squares for A, U and V, respectively, and are given by the

expressions
- 2 —(ki+k2)ty2

Qx ZwAEA E wa(A ~ Age~ (Fitk2)t)
t,T t,T

kiA
Qu = ZwUE%y = ZwU(U — Uy~ k11+z—2(1 - e—(k1+k2)i))2

koA
= 2 _ v _ 2430 3 o =(ki+k2)ty\2
Qv =Y wyveh = wy(V -V " k2(1 e )

Il
I

where w4, wy and wy are appropriately chosen weights for A, U and V
respectlve]y The welghted least squares estimates denoted as AO, UO, VO R

lc1 o k30 E and E are those parameter values which minimize @*. Having
supphed Wa, WO and wy, the problem reduces to one of numerical analysis
just as in the ordinary least squares problem.

The issue central to the weighted least squares problem is the choice
of weights. An appropriate choice of weights would be such that wAa:"4 =
wpod = wyvol. This equality would insure that each component would
contribute equally to the weighted error sums of squares. For example, the
weights defined as w4 = 1/0%, wy = 1/0% and wy = 1/02 would yield such
an equality. However, since 0%, 0% and 0% are unknown, estimates must be
obtained from the data. Initial weights can be obtained by first performing
ordinary least squares. Letting X, U and V denote the least squares predicted
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values (obtained by substitution of the ordinary least squares parameter
estimates into the deterministic equation) for A, " and V', respectively, we
obtain Q@ = Q4 + Qu + Qv where:

Qa= Yy (A 4 (62)
t. T

Qu=_(U-0) (6b)
t,T

Q=) (V-7)° (6¢)
t,T

Equations (6a-6c) provide a natural decomposition of the error sums of
squares {Q) such that estimates for 0%, 0% and o} can be obtained. These
estimates denoted as 04, 07 and 0% are:

5% = @A/]VA
3[27 = @L//NU
Gy = Q'V/NV

where NA, Ny and Nv denote the numbers of observations in the summation
for QA, QU and Qv, respectively. The weights are then defined as wy =
1/6%, wy = 1/6% and wy = 1/6%. Using these initial weights we can
obtain the welghted least squares parameter estimates and consequently, the
predicted values, A U and V-. Substituting the weighted least squares
predicted values for the ordinary least squares predicted values in Equations
(6a-6¢) yields:

0= Y (a- A7) (7a)

t.T

Qi =Y (U-0U")* (7b)
t, T

Qy =Y (v-V)? (7¢)
t,T

This leads to new estimates for the variances and the weights. This procedure
can be performed for successive iterations until convergence in the weights
is achieved. The following 5 step algorithm summarizes this iteratively re-
weighted least squares procedure.

Step I: Perform ordinary least squares to obtain parameter estimates.

Step II: Compute variances and weights from Equations (6a-6c).
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Step 11l: Perform weighted least squares to obtain parameter estimates.
Step IV: Compute variances and weights from Equations (7a-7c).

Step V: Check convergence of the weights. If the weights have converged,
terminate the iterative process and use estimates from final iter-
ation. Otherwise. go to Step 11I using updated weights from Step
V.

Confidence Intervals

Having performed the multiresponse estimation procedure on a given
set of stability data, point estimates for predicted values for A, U and V for
a given time and temperature can be made. Furthermore, based on a lower
expiry limit for A and upper expiry limits for U and V. shelf-life estimates
can be obtained by solving for the times at which expiry limits are met for
A, U and V. The assay prediction estimates and the shelf-life estimates
are subject to error (statistical variation). It is desirable therefore, to be
able to quantify these errors and construct interval estimates with specified
levels of confidence of containing the true values. In order to construct
such intervals, an assumption about the distributional properties of the error
terms is necessary. The stochastic error terms € 4, €17 and ¢y introduced in
Equations (5a-5¢) will be assumed to be normally distributed.

Prediction In general, exact expressions do not exist for the variance
of a nonlinear function of parameter estimates; however, an approximation
known as the linearization technique'® or as the propagation of errors can
be used to obtain an approximate variance. To illustrate this technique,
suppose it is of interest to compute the variance of 4~ at a fixed time ¢t; and
temperature Ty. We will denote the point estimate as 2‘(1,,7‘1) which is
given by the expression:

A (t1.Th) = Age itk

where

;= k; Oe'E[(l/TJ—l/T.,)

)

’?5 _ Ei Oe—Eg(l/T1~l/T\,)

The approximate variance of A (t1,T1), denoted S%_, is given by the expres-
sion:
2 _ ’
S5, = dakd, (8)
where

g - [9A 94 8A 84 084 94 94
A T \BA AU, AV Bk ke OE, IE,

(t.,T,)
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and ¥ is a 7 x 7 variance-covariance matrix of the parameter estimates. In
practice, ¥ is usually printed by nonlinear least squares computer packages.
The elements of d 4 are the partial derivatives of A evaluated at the estimated
Y\a]ues of the parameters. In a similar fashion, variances for ﬁ'(tl,Tl) and
Vo (t3.T1) can also be obtained by computing vectors of partial derivatives
d;- and d,- to replace d , in Equation (8).

An approximate lower one-tailed 95% confidence limit for A is given
by the expression:

Aj(t1,Th) = A" (ts,T1) — t(.95,N — 7)S o

where t(.95, N — 7) is the 95th percentile of the Student’s t-distribution with
N — 7 degrees of freedom (N = N4+ Ny + Nyv). A lower one-sided 95%
confidence band for A(t,T) can be constructed by computing );;(t,Tl) for
several values of {. Approximate upper one-tailed 95% confidence limits for
U(t,,T,) and V(t;,T,) are given by the expressions:

~

;(tl,Tl) = U'(tl,Tl) + t(.95,1\7 - 7)56_
Vo(ts,Th) =V (t,,Ty) + (.95, N — 7)S5.

<y

Shelf-Life An estimate of the shelf-life for A at temperature T, given
a lower expiry limit A;, can be obtained by solving for ¢ in the expression
A- (t,T1) = A The solution for this expression, denoted t 4(A;, T}), is given
by the expression:

~ InA; —InA
Ta(A1,Th) = —=0—=— (9)
k; + ks

Similarly, shelf-life estimates for U and V can be obtained by solving for ¢
in the expressions: U~ (¢t,T,) = U, and V'(t,TI) = V.

A method for obtaining a lower one-sided confidence limit for the shelf-
life involves constructing a lower one-sided confidence band for A (or upper
one-sided confidence bands for U and V). The shelf-life confidence limit is
determined by the time point at which the confidence band (A, U or V)
intersects the specified expiry limit. This is analogous to the approach that
the FDA guidelines!7? suggest for shelf-life interval estimation in simple linear
regression situations. An alternative method which requires fewer computer
resources again makes use of the linearization technique. The linearization
technique can be applied to Equation (9) to obtain the approximate variance
of t4(A1,T;) denoted as S%(I4). The approximate lower one-tailed 95%
confidence limit for t 4(A,T}) is given by the expression:

Ta (AL, T:) =ta(ALTy) — (.95, N — 7)S(t a)
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Table 1
Parameter Values For Simulated Example Data Set

Ir’aran’;gtrc/r ‘ W\':a}uo
Ao (%) . 0117
Uqg (%) ‘ 0.61
Vo (%) 0.69

ky 30 (weeks™!) 0.34 x 1075

k2 30 (weeks™!) 2.72 x 10°°
E; (°K) 13962.9

E; (°K) 14325.2

o 3.210

o, 0.193

o} 0.042 !

Approximate variances and lower one-tailed confidence limits for the shelf-
life of U and V' can be obtained in a similar fashion. The value for the overall
shelf-life can be taken to be the minimum of the three shelf-life confidence
limits.

Example

Data Simulation

To illustrate the multiresponse estimation procedure, a data set has
been simulated according to the stochastic model given in Equations (5a-
5¢). The parameter values used in the simulation are estimates obtained
from an actual drug stability data set via the procedure described in this
paper. The parameter values are listed in Table 1. The design and simulated
data values for A, U and V in units of “percent of label claim”™ are shown
in Table 2. These data were simulated on an IBM 4361 computer using
the SAS!® (Statistical Analysis System) function NORMAL, to simulate the
normally distributed errors, £ 4, £y, and €y

Data Analysis

The multiresponse estimation procedure was performed on the data
shown in Table 2 using the SAS'® procedure, NLIN. The parameter estimates
and their respective standard errors are shown in Table 3. The simulated
values are also shown in Table 3 for comparison. To illustrate the model
fit, Figures 2-4 show the observed and predicted values for A, U/ and V,
respectively.
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Table 2
Example Data Set

[Temp‘ﬁf Time '] A 1‘ & P o

L(UC) weeks)l (F) (%) ()

0 | 10155 | 015 . 0.70
30 4 98.06 0.57 0.56
30 8 100.91 0.06 0.42
30 13 99.56 0.26 0.91
30 26 99.60 1.07 0.86
30 52 101.27 1.52 0.54
30 78 99.68 2.24 | 0.75
30 104 100.50 2.18 0.71
40 4 101.60 1.01 0.89
40 8 99.60 0.75 0.60
40 13 98.02 1.44 0.82
40 26 99.49 1.66 1.37
40 52 97.79 2.58 1.01
40 78 100.19 3.30 1.77
40 104 91.77 4.32 2.15
55 4 98.42 1.30 1.09
55 8 96.44 3.17 1.53
55 13 93.19 3.64 2.16
55 26 93.51 8.06 3.02
55 52 80.34 15.47 5.27
70 4 90.42 8.32 3.02
70 8 83.30 14.87 5.58
70 13 70.43 22.56 8.20

Table 3

Parameter Estimates and Standard Errors

for the Example Data Set

1\ VTheoretica] ‘ Standa-¢
Parameter (Simulated) Estimatce Error

4, (%) 101.17 100.54 0.37

Uy (%) 0.61 0.56 0.12

Vo (%) 0.69 0.65 0.05

ki 30 (weeks ™) 9.34 ¥ 107° | 9.26 x 107° 7.10 » 10°°

ko 30 (weeks™1) 2.72 x 107° 2.77 » 1075 2.91 » 107¢

E,  (°K) 13962.9 13961.9 210.1

E; (°K) 14325.2 14296.1 284.4

ol 3.210 2.735

o? 0.193 0.174

ol 0.042 0.034 1 |
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FIGURE 2: OBSERVED AND PREDICTED VALUES (A)

Confidence Intervals

Prediction Using the linearization technique to obtain approximate
variances for prediction estimates, a 95% one-sided lower confidence limit for
A, and 95% one-sided upper confidence limits for I’ and V' were computed
at 156 weeks and 30°C. Table 4 shows the prediction estimates, standard
errors and confidence limits for A, U and V. For comparison, the theoretical
values obtained from the deterministic portion of the model used to simulate
the data are also shown.

Shelf-Life To compute shelf-life estimates, it is necessary to specify
a lower expiry limit for A, and upper expiry limits for U/ and V. Consider for
this example, a lower expiry limit for A of 90% and upper expiry limits for
U and V of 3% and 2%, respectively. Table 5 shows the shelf-life estimates,
standard errors and 95% one-sided lower confidence limits for A, U and V
at 30°C. In addition, the theoretical shelf-life values are also shown. For this
example, the overall expiry which is taken to be the minimum of the three
confidence limits is 237 weeks.
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FIGURE 3: OBSERVED AND PREDICTED VALUES (UD

Discussion

7 -

An alternate method proposed by the FDA in their draft guidelines!? is
to fit simple lincar regression models for the parent compound and degrada-

tion products over time for a given temperature. The methodology described

in this paper is relatively complex and computer intensive as compared to

the approach <suggested hy the FDAL However, it i< the anthors” opinion that

the potential for improvements in accuracy and precision of the predictions
warrants its consideration. To demonstrate the utility of this multiresponse
estirnation procedure, we shall compare the resulis of the analysis of the
example data set from the previous section with results obtained by an al-
ternate method. The alternate method is the approach proposed by the
FDA with the added assumption that the zero-order rate constants for the
disappearance of the parent compound follow the Arrhenius relationship.
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TIME (WEEKS)

Table 4

Prediction Estimates and Confidence Limits
at 30°C and 156 weeks

Drug Development and Industrial Pharmacy Downloaded from informahealthcare.com by Biblioteca Alberto Malliani on 01/24/12

A volov
Theoretical (%) 99.28 | 2.07 | 1.12
Estimate (%) 98.67 1.99 1.08
Std.Error (%) 037 | 0.11 0.05
95% Conf. Limit (%) 98.05 2.1%8 1.16
Table 5

Shelf-Life Estimates and Confidence Limits at 30°C

FIGURE 4: OBSERVED AND PREDICTED VALUES (V)

A U |4
Theoretical  (weeks) 970 257 490
Estimate (weeks) 921 267 499
Std.Error  (weeks) 63 18 46
95% Conf. Limit (weeks) 815 237 422
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Table 6
Prediction Estimates and Confidence Limits at 30°C
and 156 Weeks Obtained From Alternate Method

A v v |

Theoretical (%) 99.28 2.07 1.12
Estimate (%) 98.49 3.65 0.75
Std.Error (%) 0.44 0.37 0.22
95% Conf. Limit (%) | 97.72 | 4.37 | 1.18

From the plots of the observed values in Figures 2-4 one would expect
that a linear approximation would be adequate. When data are obtained on
the parent compound from accelerated testing of drug stability, it is com-
monly assumed that the rate constants at various temperatures follow the
Arrhenius relationship. However, this assumption should not be made with-
out first considering the kinetics of the degradation pathways. If it is reason-
able to assume that the activation energies of the two pathways are equal, the
Arrhenius relationship can be applied to the parent compound since the sum
of the two rate constants will also follow the Arrhenius relationship. In our
example, the simulated activation energies differ by less than one kcal/mole,
and thus it appears to be a reasonable assumption.

A zero-order Arrhenius model was fit to the data for the parent com-
pound in Table 2 using nonlinear least squares. For the degradation products,
separate linear regression analyses were performed using only the 30°C data
in Table 2. Table 6 shows the prediction estimates, standard errors and 95%
one-sided confidence limits for A, U and V at 30°C and 156 weeks. The the-
oretical values are also shown in Table 6. Comparing Table 6 with Table 4, it
can be observed that the prediction estimates for the multiresponse estima-
tion method are more accurate than the estimates obtained by the alternate
method. The prediction estimates in Table 6 are biased because the linear
regression model is only a linear approximation to the nonlinear model. Fur-
thermore, the standard errors of the prediction estimates using the linear
regression approach are greater than those obtained using the multiresponse
estimation procedure. The standard errors in Table 6 are inflated due to a
lack of fit component, and because not all of the data for the degradation
products were used. Consequently, the confidence intervals are wider and
are less reliable.

For this example, the multiresponse estimation procedure performs
better than the simple linear regression approach. This should come as no
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surprise since the data were simulated according to the model used in the
multiresponse estimation procedure. Surprising, however, is the magnitude
of the improvement in accuracy and precision of the prediction estimates
particularly for the degradation products. Therefore, when expiry dating
must be based on individual degradation products and the drug decomposi-
tion mechanism is well understood, this multiresponse estiimation procedure
should be considered because of the potential improvements in accuracy and
precision of the prediction estimates.

The multiresponse estimation procedure described in this paper was
illustrated for a relatively simple drug decomposition mechanism. However,
this estimation procedure can be applied to a larger class of drug decompo-
sition mechanisms involving both parallel and sequential pathways.
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